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Reconfiguration of Nonlinear Faulty Systems

Alexey Zhirabok, Alexey Shumsky, Alexander Zuev, and Evgeny Bobko

Abstract— The problem of reconfiguration in faulty systems
containing non-smooth nonlinearities is considered. To solve the
problem, the control law is constructed providing insensitive to
effects of faults. The suggested solution is based on so-called
logic-dynamic approach. The main feature of this approach is
that it allows to use well known linear methods for systems with
non-smooth nonlinearities. Existing conditions are established
and the expression for new control is given. The example
illustrates the theoretical results.

Keywords: nonlinear systems, faults, reconfiguration, logic-
dynamic approach.

I. INTRODUCTION

In this paper, the problem of fault tolerant control (FTC) in
technical systems of critical purposes is investigated. Two main
approaches to the FTC are known. The first one is fault
accommodation while the second one involves system
reconfiguration [1, 8, 10].

The paper concentrates on the problem of reconfiguration
in systems described by nonlinear equations. It is assumed that
the faults are detected and isolated by known methods in the
system. In our approach, we interpret faults as unknown
disturbances. Then the disturbance decoupling problem (DDP)
solution is used for solving the plant reconfiguration problem
(PRP).

Two solutions of PRP have been proposed. The first one
uses the methods of adaptive control and assumes that faults
are detected and estimated and then the control law
accommodation is designed [1, 2, 10]. The second approach
determines a control law such that some function of the system
output is full decoupled with respect to effects of faults [6].
Unlike the first approach, the fault estimation is not required in
the second approach.

The problem of reconfiguration in nonlinear systems
containing non-smooth functions was considered in [4] and
then in [8, 11, 12]. The peculiarity of [4] is that the known
DDP solution is used for solving the PRP. Besides, a solution is
based on so-called algebra of functions and demands
sophisticated analytical computations. In contrast to [4], the
papers [11, 12] use so-called logic-dynamic approach
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developed in [13]. The aim of our paper is to find a solution of
the PRP by the methods of linear algebra.

The rest of the paper is organized as follows. In Section II,
the basic models and problem statement are formulated. The
disturbance decoupling problem is solved in Section III.
Section IV considers solution of the PRP based on the DDP
solution. Illustrative example is given in Section V. Section VI
concludes the paper.

II. BASIC MODELS AND PROBLEM STATEMENT

Consider dynamic system

xX(t +1) = Fx(t) + Gu(t) + D (t) + ¥ (x(t), u(?)),

V(1) = Hx(1), M

where
@1 (A1 x(@),u(?))

W(x(0),u(t)) = C :
¢ (Agx(0),u(0))

xeR" is the state vector, u e R™ is the control vector,
yeER !"is the vectors of outputs; ' and G are matrices
describing the linear dynamic part of the system; H, C, and D
are matrices, d(t)€ R? is the function presenting faults: if
faults are absent, d(¢) =0, when a fault occurs, d(¢) becomes
an unknown function of time; the functions @y, ..., ¢, may be
non-smooth, 4, ..., A, are row matrices. The model (1) can

be obtained from general nonlinear system
x(t+1) = f(x(0),u(0),d@),  y()=h(x())

by special change of coordinates [13]. Specifically, the part of
system, presented by constant matrices /' and G, is separated
from the nonlinear term which is described by nonlinear
functions @y, ..., 9y and matrices C, 4, ..., Aq .

It is assumed that the faults are detected and isolated by
methods suggested in [1, 5]. When a fault arises, d(¢) is
considered as unknown function of time therefore the control
problems for system (1) cannot be solved immediately. To deal
with the difficulty, we use a feedback described by

¢1(Ap129,u)

x;{ =F0x0 +G0u+J0y+CO . 5 (2)
(pq (A()qz():u)

u= g(x():yau*))
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where the vector u« is a new control, x, € R0, ny <n, is the
vector of state of the compensator, F, Gy, Jo, Co, Aoy -

Ay

4 are matrices to be determined, z, = (ﬁ?j . For simplicity,

the notations x; is used for x( (£ +1) .

The goal of decoupling is removing the influence of the
unknown function d(¢#) on a subsystem of maximal dimension

of the closed-loop system (1), (2). Specifically, we are looking
for system (2) and the subsystem Sx of system (1), (2) of the

dimension ns

(O] (A*1X*,u*)
x: = Faxs + Gsux + Cx ..

: ; ®)
(pq (A*qx*,u*)

which is independent of the unknown function d(¢), where
nx < n is as large as possible and
xx(t) = Ox(¢) 4
for some matrix @ . Since (3) does not depend on the unknown
function d(¢), one may find the control for subsystem (3) and
solve the PRP. Note that since n« < n, the fault effects can be
eliminated only for some function of the state vector x(¢)
which can be found.
Similar to [4], in the present paper the faults are interpreted
as disturbances and the DDP solution of is used for solving the

PRP. The disturbance decoupling problem under the
compensator (2) is stated as follows [3, 4]. System (1) is

considered together with the output-to-be-controlled yx € RE,
v« = hx(x), where A« is known function. The DDP is design
of system (2) in such a way that the variable y«(¢), for 1>0,
of system (1), (2) is not influenced by d(¢) .

To solve the DDP [3, 4], one finds first a vector function
o with maximal number of independent components such

that the function OLO( f(x(2),u(t),d(2))) is independent of the

unknown function d(¢). It can be shown that oco(x) = Dox,

where DY is the matrix of maximal rank such that D°D =0 .
Recall briefly main definitions and results from [4].

One says that the function o is (4, f) -invariant (f-
invariant) if o(f(x,u,d)) = fx(a(x), h(x),u,d) (a(f(x,u,d))
= fx(a(x),u,d) ) where f« is some function. The function ¥

is a controlled invariant if a regular static state feedback
u = g'(x,ux) exists such that the function y in system (1), (2)

is f~invariant.

Theorem 1 [4]. The output-to-be-controlled y« = A« (x)
may be decoupled from the disturbance by compensator (2) if

and only if (A, f) -invariant function o and a controlled
invariant function y exist satisfying the condition

ocoﬁocﬁxsh*, 5)

where 3 <y signifies that there exits the function & satisfying
the equality 6(B(x)) = y(x) for all x [3, 10].

III. DDP SOLUTION

A. Preliminaries

Initially we assume that /4« is the known function and
design the functions a and y . Then these results are used for
solving the PRP. To simplify a solution, we assume that the
functions o and 7y are linear ones. This allows using the linear

algebra methods for solving the problem under consideration
for system (1).

Initially we consider the case when ¢ =1 and construct the
system S . To construct this system, so-called logic-dynamic
approach (LDA) is used which has the following steps [13].

Step 1. Remove the nonlinear part from the initial nonlinear
system (1).

Step 2. Solve the considered problem for the linear part,
obtained in Step 2, under some linear restriction. Such a
restriction is used to know whether or not the nonlinear term
can be constructed based on the solution obtained for the linear
system.

Step 3. Supplement the obtained in Step 2 solution by the
transformed nonlinear term.

In [4], the function o is found as a function having

maximal number of components and satisfying the condition

o <. Since it is found as a linear function, one assumes that

x0(2) = a(x(2)) = Dx(7) (6)

for some matrix @ of maximal rank satisfying the following
conditions [11, 13]:

OF = Fy®+JyH, Go=®G, ®D=0. 7)

One can show that the relations Cy = ®C and

A= AO(?;), (3)

corresponding to the nonlinear term, hold [11, 13].

The last relation is the additional restriction on the matrix
@® mentioned in Step 2. It is true if and only if rows of the
matrix A4 linearly depend on the rows of the matrices ® and H.
Clearly, it is equivalent to the condition

rank(@®' HT)=rank(@T HT 4AT). 9)
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If ¢ >1, the matrix 4 in (8) and (9) should be substituted for

A,’ B = l,...,q .
It is assumed that the matrices Fy, and H are found as
O 1 0 --- 0
Fo = O 0 1 - O , Hy=1 0 0 --- 0).
O 0 0 --- 0

Then the equation ®OF = Fy®+JyH can be replaced by k
equations:

OF =D, +JoH, i=l.k=1, ®,F=JyH. (10)

The i-th rows of the matrices ® and J, are denoted as ®@;
and Jy; are, respectively, i =1,...,k , k is the dimension of x .

B. Full Decoupling for Linear System
There exist two ways to find the matrix @ of maximal rank
satisfying the condition ®D =0 .

1) The first way: 1t was shown in [13] that (10) with the
condition ®D =0 can be transformed into the equation

@ —Jor —Jop . =Jo)W® BPD)y=0, (1)
where
Fk D FD F1p
w® _|HF* | g _| 0 HD - HF*'D|
H 0 0 - 0

To achieve the maximal dimension of the system S, take
k = n— p and check the inequality

rankW® H®Y<lik+n . (12)

When (12) holds, there exists the row (@ —Jgo; ... —Joi)

such that (11) can be solved. Then one finds the matrix ®
from (10) and computes Gy = ®G . Thus, the linear part of the

system S, decoupled from the unknown function d(f) has
been constructed.

If (12) does not hold, take & :=k —1 and continue to check
(12). If (12) does not hold for all %, then the system S,
decoupled from d(¢), does not exist and the PRP has no

solution. Because the dimension % is maximal, the function
a(x) = Ox is the best choice for a in (5).

2) The second way: Because the matrix DY has full rank
such that D’°D=0 and ®D = 0, then ® = QD0 for some
matrix (. Rewrite the equation OF = Fy®+JyH with

o} =QD0 as

© -FQ —J@°FHT dHT HH =0. 13)

Let (4 B C) be a solution of (13), then the equality
B =-FyA is true. Considering this equality, we remove from
the matrix (4 B C) all rows which the corresponding rows of
B do not depend on the matrix 4 rows for. Denote the final
matrix by (A0 B° CO). Clearly from (13) that J, =— c’
and @ = A°D?; the matrix Fy is found from the algebraic
equation B =—-FyA4 .

The first way is good when n < 6 ; if n > 6, the second one

is preferable because the matrix (V(k) H (k)) has high
dimension in this case.

C. Construction of the Dynamic Part of Compensator
Note that if (9) is satisfied for the matrix ® found for the
linear part, then the problem to construct the system S, with

nonlinearities reduces to that for linear system. When (9) is not
satisfied, find all solutions of (11) for maximal & satisfying the
condition (12) and present them as

M _ ;0 (1) V) _ (V) (V)
@M —g I @™ g g (1)

where the number of all solutions is denoted by N.

Theorem 2 [11]. Consider the matrices CI)(D, ey o)
calculated based on (10) and (11). Then the linear combination
of expressions (14) with coefficients v, .., vy gives the

matrix ¢ = vltl)(l) +.t de)(N) which produces some
solution of our problem for linear system.

Let the value k is maximal as possible, and all solutions of
(11) are found in the form (14). To find the vector

v= (v, ... vy),represent (8) as
A:A01(I)+A02H, (15)
where AO = (AOI Aoz), AOI = (al . ak). Denote
M ) b
Dy . | P . |
O = () or = .(..) , ®* = ,
N N by
@ o D}
and present (15) in the form
A=A (@D - (@O +ApH.  (16)
Analogously to (9), equation (16) has a solution if
rank(@*)T HT)=rank(@*)" HT 4%). (17

Assume that (17) holds and consider firstly the case when
the matrix 4 has only one row. Here, (16) can be rewritten as
A= (alv akv) + A02H , Or as
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A=A,0% + Ay H , (18)

where A, is assumed to be unknown matrix. Solve (18) and
find the matrices A4, and Ay, . If A4, can be rewritten in the
form (a;v ... a;v) for some coefficients aj,...,a; and the
vector v =(v; ... vy), then stop, the matrices A4y; and Ay,
and the vector v=(v; ... vyy) have been obtained. Then one
finds the rows of J, and ® by

N ] N ] ; .
Joj =Zi:1viJ(§?, (I)] :zl':lviq)(jl)ﬂ J =1,...,k,

Gy =dG, Cy=dC. As a result, a dynamic part of the
compensator (2) has been built.

If (17) is not true or the matrix A4, cannot be rewritten in
the form (a;v ... a;v), one has to decrease the dimension k
and repeat the described procedure.

If the number of the matrix A rows is more than one, one
solves (18) for each row with coefficients a,...,a; peculiar to

the considered row; note that the vector v is identical for all
TOWS.

D. Design the Function 7,

. hs L)T; let
r; and w; be relative degrees of the output y«; = hs;(x) with

Recall some results from [4]. Let A« = (A«

respect to wu(t) and d(f), respectively. Besides, denote
Vi () = ha (0(1)) =2 P  (x(0) 5.y o (417 = 1) = By (x(2))
i=1,..,L. When h«(x)= Hxx, the last relations reduce as
follows.

Introduce the matrix C*: if C(i,j) # 0 and the function
¢, contains components of the control vector u, set

C*(i,j) =1, otherwise C*(i,j)=0.

Denote by 7/ minimal integer p such that Hs« F? G20 ,
by w; minimal integer p such that HF? 'D%0, and by
r; * minimal integer p such that H*in_lC* #0,i=1,..,L.
Clearly, »/ and r; * are the relative degrees of the output yx;
with respect to u(¢) corresponding to the linear and nonlinear

parts of system (1), respectively. Set
i=1,...,L.

1 = min(ry,7; %),

One makes the following assumptions.

Assumption 1. w; >, and w; >r/ for all i=1,...,L,
otherwise the DDP is not solved.

From the definition of »; and Assumption 1, y«(t+7r;) =
fi(x(t),u(t)) for some function J}, Clearly, the function
fl-(x(t),u(t)) is independent of d(¢) due to Assumption 1.

that L<m is and set J}(x,u) =

(F1 G}y f1 Ceyu)) T

Vector (7,...,r7) is said to be vector relative degree of the
v« (1) if the

Assume true

output-to-be-controlled equality

rank(@f (x,u)/0u) = L holds everywhere except perhaps on a
set of measure zero.

Assumption A2. The output-to-be-controlled y«(¢) has a

vector relative degree (71,...,77 ).

Theorem 3 [4]. Under Assumptions 1 and 2, the controlled
invariant function 7y satisfying the inequality y </« and

having minimal number of components, can be computed by

=)t DT, (19)

where h = (hy | oo hy ), i=1.L.

*l,}’}
We would like to find the function y as a linear one, so the
additional assumption is stated.
Assumption 3. »; =/ for all i=1..,L, ie. all relative

degrees correspond to the linear part of system (1).
Set yx = Hyx, ..., yi} = H F"7x; clearly, the output
v = HgFV b = Hy FV7 (Fx + Gu + ¥ (x,u))
= HyFx+ Hy F' 7 \Gu + vy, (x)

depends on control. Here y(x) = H« F ”_I‘F(x,u) ; note that
the function y(x) is independent of u# due to Assumption 3.

Clearly, the expression HwF"x+ HyFV'Gu+y (x) is

similar to the function j}l (x,u).

Consider the set of equations

Hy Fx+ H FV 7 Gu +yy (x) = usx,

(20)
H*LFer + H*LFrLilGu + \UL(X) =Usxp, .
Introduce the matrices
. H*i . H*lFrl_lG
g® wo |, i=l.. L, He= 2D
HaF'! Ho F17G

Assume for simplicity that rank(I:I x) = L; clearly, this
condition is equivalent to Assumption 2. In this case (20) can
be solved for the control u.

Set @« =(HMT .. YT, Clearly, the matrix
@ is similar to the function y defined by (19). As a result,

this matrix can be considered as controlled invariant for the
linear part of the closed-loop system (1), (2). If the condition
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rank(®+) = rank(®+  A") (22)

is true then the nonlinear term of the system S« can be

constructed based on the linear part. Analogue of the condition
o <y is the equality

rank(®) = mnk(q)z @T) . (23)

If (22) and (23) are true, the PRP is solvable; otherwise a
solution does not exist. Assuming that (22) and (23) are true,
we have @« = Q0 for some matrix Q.

Solving (20) for the control, one obtains the expression in
the form u = g'(x,u+), i.e. a static state form of the feedback.

Since @« =Q0® and the matrix @ is similar to the (4, f) -
invariant function, then the state x in u = g'(x,u+) can be
expressed in the terms of the state x; = ®x and the vector y.

As a result, a static part of the compensator (2) takes the form
u = g(xqg,y,ux) for some function g.

The matrix @« is used to construct the system Sx: set

xx = Dsx, then xi =®Dux" = OuFx+ PuGu + DV (x,u) .
Since @« is controlled invariant for the linear part of the

closed-loop system and (23) is valid, the right-hand side of the
last expression can be expressed via the state x« and the new

input ux i.e. one obtains the expressions in the form (3).

If the condition »; =/ is not true for some i, then the
function y; in the left-hand sides in (20) depends on the
control u . In this case the matrix @« remains the analogue of
¥ , the expressions for g’ and g become more complex [12].

IV. SOLUTION OF THE PRP
Here, we use the DDP solution for solving the PRP. Note
that when the PRP is stated, the matrix H« is a design object
unlike the DDP where Hs is given. So, we find a matrix H s«
of maximal rank which is independent of d(¢) using the
compensator (2).

We take H« = @ since this is the best choice for H+« due

to Theorem 1 and find out whether or not the DDP can be
solved for H« = ® . Due to Theorem 1, a controlled invariant

function y exist such that o <y < /. Taking into account our
analogues, one has Hx = ® and the only possible choice for
®x is Dx:=>d. Hence, we have to check whether @ is

controlled invariant. If yes, the best solution of the PRP has
been obtained where the system S+ has maximal dimension.

Otherwise the PRP has a solution where the system S« is of
smaller dimension. The matrix ®« of such a solution is
satisfied the equality @« = Q® . In this case Hx = Ox.

An algorithm computing the feedback that solves the PRP
is given below.

Algorithm.
Step 1. Design the dynamic part of the feedback (2) based

on Section III and take Hx = ® . Assume that the condition (9)

is satisfied.

Step 2. Find the relative degrees 7/, r; *, and w; of
v« = Hx;x . Assuming that »; = 7/, check Assumption 1; if it
does not hold, remove the i-th row from the matrix Hx,

i =1,...,L . Denote the final matrix by H+ as well.

Step 3. Compute the matrix H ,Ei) from (21) and check the
condition

rank(®) = rank(HHT  (@4)7). (24)

If it is not true, then remove the i-th row from the matrix Hx,
i =1,..,L . Denote the final matrix by Hx as well.
Step 4. Compute the matrix @« ; clearly, the condition (24)

is satisfied. Check (23); if it is not true, then stop, the PRP is
not solved.

Step 5. Construct the matrix H+« from (21) and check the
condition rank(I:I «)=L. If it is satisfied, go to Step 7,
otherwise to Step 6.

Step 6. If rank(Hx)=M < L, then find M x L matrix P

satisfying the condition rank(PI:I*) =M . The matrix P

collects the linearly independent rows of Hs.Set Hx = PHx.

Step 7. Design the static part of (2) by solving (20) for u in
the form u = g'(x,ux) and next in the form u = g(xq, y,ux)

(when M < L, the symbol L in (20) is substituted for M).

Step 8. Set Hx = ®x, x«:=®Dx«x, construct the system
xi = Dux = OuFx+ DuGu + D+¥(x,u), and transform it
into the form (3). Take yx = Hxx = X« .

Since the matrix P in Step 6 can be chosen by several ways,
it should be chosen in such a way that the relative degree of
v« = Hxx = X+ is maximal.

V. EXAMPLE

Consider the system described by the equations

x;" =x3+Xg+Xg +us+dy, X3 =sign(xy)+xg +uy,

X3 =—Xx3X4, X3 = X4+ x5 +up,
X3 =x3+x4 +dy, x§=x%+x1+u2,

Y1 =X, V2 = Xs.

As recommended in [11], the initial model is corrected by
entering several formal terms as follows: the term x3 —x3 in
the second equation, x3; +x,; —x3 —x, in the third, and
X, —x, in the fifth. The resulting matrices and nonlinearities

are as follows:
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0 0 1 1 0 1 0 0 1
0 0 1 0 0 1 1 0 0
10 0 -1 -1 0 O 10 0 O
F=looo o 1 10p 9|00 o
0 0 1 1 0 0 0 0 O
11 0 0 00O 010
1 0 0 0 0 1 0
0 0 1 00 0 0
1o ol ~ o1 0 1o o
H=1o ot €=l0o 0 o|" P=|o of
0 1 0 0 0 0 1
0 0 0 0 1 0 0
¢, (x,u) =sign(x;) — x5, 4=0 010 0 0),
@y (X,U) = X3X4 + X3 + X4, A,=(0 001 0 0),
03 (1) = X2 — x5, A;=(0 10 0 0 0).
Compute
01 0 0 0O
Do — 0 01 0 0O
10 0 001 0 O
0 0 0 0 01

It can be shown that ® = D°. The condition (9) is satisfied
therefore the nonlinear term of (2) can be constructed based on
the matrix @ . Clearly, C*=0, H« =®, L=4.

Next, by Step 2 of Algorithm find r{ =r5 =1, =1, 1, =2,
n*=..=n*=0, w=w, =3, and w3 =wy =2; clearly,
Assumptions | and 3 are satisfied.

Clearly, the condition (24) is satisfied for all i. It can be

shown that (22) is satisfied as well therefore the nonlinear term
of the system S« can be constructed based on the linear part.

Compute

— o OO
SOO O

Since rank(ﬁ] #)=2<4, Assumption 2 is not satisfied. By
Step 6, find the matrices

_(0 0 1 0 5 _pfr. (1 00
P_(O 0 0 1)’ H« = PH+« —(0 1 O]'
Clearly, equations (20) with H are solvable for uy,uy . Set
Usg = Xg + X5 H U, Usy :=x§+xl+u2. Since xy =®dx, set
(Xo1»%025X03>X0a) | = (X2,%3,X4,%¢)" and find the system

SO .

+ . +
Xo1 =SigN(Xy) + Xog Uy, Xgp = —XgpX03,

+ + _ 2
Xo3 = X3 + Vo tUp, Xog =X T Y1 HUs.

In Step 7, we replace (x,,x3,X4,Xg) by (Xo1>X025X035X04)
and obtain

— N
U = X3+ Yy U, Uy =X TV TU,y.

As a result, the static part of the compensator (2) is given by

2
Up =Ux —Xo3 =V, Uy =Usp —Xgp =V, U3 = Usz.

To construct the system S+, set Hx = D, (x*l,x*z,x*3,x*4)T

= (X,,%3,%,,Xs)" and obtain its description in Step 8:

Xy (8 +1) = sigN(x045 (1)) + X () + (g (1) = x4 (1)) / 203 (2),
Xy (2 +1) = =Xy (£) X453 (),

Xag (£ +1) = ux (1),

Xy (2 +1) = sy (2).

VI. CONCLUSION

The paper deals with the plant reconfiguration problem.
The advantage of the LDA which is used in the paper to solve
this problem is that the system can be described by a model
with non-smooth nonlinearities. Besides, this approach can be
used for the continuous-time systems as well advantageously as
for the discrete-time ones.
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